The Relations Between the Mathematic Ideal, the Generating Polynome and the Matrixes G, H Used in Encodings  by Draghici, Silviu et al.
 Procedia - Social and Behavioral Sciences  197 ( 2015 )  2032 – 2039 
Available online at www.sciencedirect.com
1877-0428 © 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of Academic World Education and Research Center.
doi: 10.1016/j.sbspro.2015.07.566 
ScienceDirect
7th World Conference on Educational Sciences, (WCES-2015), 05-07 February 2015, Novotel 
Athens Convention Center, Athens, Greece 
The Relations Between The Mathematic Ideal, The Generating 
Polynome And The Matrixes G, H Used In Encodings 
Silviu Draghicia, Octavian Prosteana, Eugen Raducab, Cornelia Anghel Drugarinb*, 
Cristian Chioncelb, Mihaela Raducab, Cristian Rudolfb 
aPolitehnica University of Timisoara,Victoriei Square, no.2, Timisoara 300006, Romania 
bEftimie Murgu University of Resita, Traian Vuia Square, no.1-4, 320085, Resita, Romania 
Abstract 
The paper proposes to render the mathematic relations between the mathematic ideal of a generating polynomial from GF (2), the 
generating matrix of the type 4 x 7 associated to this ideal and the generating polynomial g(x), as well as the relations between 
the generating matrix H of the type 3 x 7, associated to a second mathematic ideal and to a second generating polynomial h(x). 
These generating polynomials as well as the generating matrixes G and H are not randomly selected, they being part of an 
associative general linear algebra generated by a polynomial f(x) from GF(2) that has as dividends the polynomials g(x) and h(x). 
All these we shall concretely exemplify in the proposed paper. Much more, we shall observe, also by a concrete example 
furnished in this paper, the connecting relations that exist between the matrixes G and H and that are very important in the 
mathematic theory of encodings. Practically, in the theory of encodings by redundant symbols, if between two matrixes there is 
no total relation of orthogonally, than the decoding cannot be realized. Therefore a property of the two matrixes is strictly 
necessary, this fact being also exemplified and demonstrated in this article. 
© 2015 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
1.1. Theorems and definitions  
We present first the mathematic notions used in this article, theorems and definitions.  
Definition 1.1: The set of residues modulo 2 classes (or modulo p) is a field; these fields are known in the 
literature as the Galois fields, in honor of the French mathematician who discovered and studied them. Let one note: 
GF (2), GF (p) etc., GF being the acronym from a Galois Field (mathematically we write: card F = r, where r is in a 
whole finite number). 
The Galois field theory one is working with polynomials factor decomposition into irreducible polynomials. Also 
redundant coding theories are particularly interested in situations where p is a prime number. Also in the theory of 
error-correcting codes detectors and working with the following Galois fields: GF(2), GF(3), ... GF(p), GF(q=pm), p 
being a prime number. An important role have the fields of the GF (2m) type, with which one often works in the 
theory of redundant codes. An important concept that is common in the theory of error detection and correction 
codes, and that we present here, is the ideal. 
Definition 1.2:  The ideal (noted here with I) is a subgroup of a ring (let us say: (R,+,∙)) having the following 
properties: 
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Observation: It shows that the ring of integers, m any integer multiple forms an ideal. Such a kind of ideal (an 
item consisting of multiple integer m), called the principal ideal, and m is ideal generator. 
Definition 1.3:  A ring in which every ideal is principal ideal, called principal ideals ring. It demonstrates that the 
ring of integers (Z, +, ∙) is the ideal ring of principal ideals. Also, the polynomial ring over the Galois field Galois 
GF (q), noted, R[X]/GF(q) and is the ideal ring of the principal ideals. 
It is necessary to introduce the notion of linear algebra and its presentation.  
Definition 1.4:  A lot A is a linear associative algebra over the field of q elements when the following axioms: 
   (2) 
1.2. Example of linear associative algebra  
We consider the polynomial ring (R[X]/GF(2)) over the Galois field GF(2) and we decompose it in equivalence 
classes in relevance to the polynomial x3+1; the equivalence classes (rests) are the following:{0}, {1}, {x}, {x+1}, 
{x2}, {x2 +1}, {x2 + x + 1}. 
These eight rest classes in relation to the polynomial x3+1 for a linear associative algebra over the ring 
(R[X]/GF(2))  in relation to the modulo assuming and multiplication operation (x3+1).  
Even more: the set of the classes of residues forming linear associative algebra is a vector space of dimension 3. 
The eight elements of the vector space of dimension three can be represented geometrically and binary vertices of a 
cube, as in figure 1:  
°°¯
°°®
­
 
 

;)().4
;,,),()().3
;,).2
;).1
uwduvcdwcvu
Awvuwvuwvu
AvuAvuIf
spacevectorialaisA
2034   Silviu Draghici et al. /  Procedia - Social and Behavioral Sciences  197 ( 2015 )  2032 – 2039 
 
Fig.1. Eight elements of the vector space of dimension three can be represented geometrically and binary vertices of a cube. 
Some important theorems used in the encoding theory redundant detection and correction of errors: 
Theorem1.1. In linear algebra of polynomials modulo f(x) is over the Galois field GF(q), denoted: 
)(/)(lg qGFxfebraa , with degree f(x) = n, we have f(D) = 0, where D is the rest class of the polynomial x 
modulo f(x) (where α = {x}modulo f(x)) and is no polynomial g(x) of degree g(x) < n, so that g(D) = 0. 
  
An example that this theorem is correct, is just linear algebra associative shown above: (R[X]/GF(2));  
f(x)= x3+1. 
So, we can observe that there is no polynomial g(x) of lower degree than 3, therefore:  g(D) = 0. 
Theorem1.2. The algebra of polynomials modulo f (x) with degree f (x) = n or I an ideal and g (x) a polynomial 
of minimal degree which belongs to the ideal I; then any polynomial s(x) belongs to the ideal I is divisible by g(x) 
we write: )()( xgxs  , whereas the polynomial g(x) divides f(x) (namely )()( xgxf   ). 
Theorem1.3. Algebra of polynomials modulo f(x), for any ideal I of this algebra, there is a single standardized 
minimum degree polynomial whose class denoted with {g(x)} belongs to this ideal and remains (we write: {g(x)}
I ); thus such a polynomial, norms g(x) is called the generator of the ideal I. 
 This theorem is valid and mutual. 
 
2. The calculation of the matrixes G and H for a concrete example of associative linear algebra using the 
generating polynomials g (x) and h(x)  
2.1. Chosen associative linear  algebra  
 
As in the redundant encoding theory of the Galois field’s type we are interested in GF (2m), we choose the 
polynomial coefficients modulo 2: 
f(x) = x7 + 1   (3) 
With it generates a linear associative algebra containing 27 = 128 elements, thus: 
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We have decomposed the polynomial from the relation (3) in the product of two polynomials with modulo 2 
coefficients, thus: 
 (5) 
Where: 
   (6) 
   (7) 
 
2.2. Building the G matrix with the help of the generating polynomial g(x)   
It is already clear that building observing relationships (5). The two types of polynomials, generating two ideals 
size 4 and 3 as follows: 
The ideal size 4 is generated by the polynomial g(x), the ideal size (which is a vector subspace at the same time) 
is given by the relation: 
dim . = grad f(x) –grad g(x) = 4   (8) 
The number of elements of this ideal is: 
2grad f(x) –grad g(x) = 24 = 16   (9) 
Polynomial g (x) belongs, of course, to the ring of polynomials .  
 
The ideal generated by g(x): 
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 (10) 
This ideal, being the vector subspace of dimension 4 has a base of 4 vectors (bolded and underlined in the 
relations (10): 1, x, x2, x2 + x +1).  
 
Thus its generating G matrix is: 
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1000101
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0010110
0001011
   (11) 
According to the relation (11), it is noted that the generator matrix G is of type (4 x 7), because the degree of  
f (x) = 7, and 4 is the ideal size (namely, the subspace basis vector).  
We note that the generator matrix G consists of two sub matrixes: 
   (12) 
where I4  is the unit matrix of rank 4. 
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2.3. Building the H  matrix with the help of the generating polynomial h(x)   
The dimension of the ideal (vector subspace) given by h(x) contained in the associative linear algebra given by 
f(x), is 3, having 8 elements, because  
2grad f(x) –grad g(x) = 23 = 8   (13) 
Thus, we have: 
   (14) 
We note that the vectors are given by polynomials  of the basis vector subspace of dimension 3, thus 
generating matrix H associated with this vector subspace consists of combinations of code shown in bold in the 
relations (14): 
   (15)         
3. Observations and results 
Equations and formulae It is noted that carrying out the matrixes product G * HT one obtains the null matrix:  
3*4
.
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Basically, the elements of the two ideal generated by the polynomials f (x) and g (x) form a null space. It was 
thus null space definition of the term as follows: 
Definition3.1. The null space is that of the subspace ideal generated by g(x) where each element of that subspace 
is orthogonal to any element of the ideal generated by h(x). 
According to the elements presented in this paper, such as )()()( xhxgxf  , it is easily observable and 
demonstrable that: 
°°
°°
°
¯
°°
°°
°
®
­
o
o
o
o
o
o
o
o
 
1100101)()1(
1110010)()(
0001011)()1(
)(
0111001)()1(
)(
)(1
0000000)(0
2
2
2
23.dim
xhxx
xhxx
xhx
xhx
xhx
xhx
xh
xh
I 1011100
0101110
0010111
2,,1 xx
¸¸
¸
¹
·
¨¨
¨
©
§
 
0
0
1
0
1
1
1
1
1
1
1
0
1
0
1
0
1
0
1
0
0
H
2038   Silviu Draghici et al. /  Procedia - Social and Behavioral Sciences  197 ( 2015 )  2032 – 2039 
Theorem3.1. Be it f(x) a norm polynomial that is decomposed in a product of two polynomials, thus: 
)()()( xhxgxf  , with degree f(x) = n and degree h(x) = k. Then, in the modulo polynomial generated algebra 
f(x), the ideal generated by g(x) has the dimension k. 
This theorem triggers another one: 
Theorem3.2. The polynomial f(x) over the finite Galois field of 1 elements (we write mathematically: 
)(/)( qGFxf ) and the polynomial f(x) can be decomposed in the form: )()()( xhxgxf  ; than we can state 
that: in the modulo polynomial algebra f(x) (we write: > @ )(/ xfXR  ), if the rest class^ `)(xa  belongs to the ideal 
generated by the polynomial g(x), this fact is equivalent to the next statement:  ^ ` )()( xhpolynomethebygeneratedidealSpaceNULLxa  . 
One can also notice that the matrix G4x7 presented here is made up of two sub matrixes:  
),( 43*4.dim IRG   
where I4  is the unit matrix of rank 4.  
Therefore, observing the presented examples, it is easy to divine and demonstrate that for the broader case, we 
have a generating matrix of the form: 
),( ).(dim)( knkxknnxkn IRG      (17) 
where we have noted n = grad f(x), and  k = grad g(x) 
Analogically it is shown that for more general cases, and the matrix H (which in this particular case does not 
comply with the rule, but independent linear combinations of rows and columns can reach a matrix H *) is 
composed of two sub-blocks of all matrix so that: 
  H*k * n = ( Ik , Tk*(n-k) )   (18) 
4. Conclusions and future directions 
The presented work is intended, as a good teaching material for students, which emphasizes the close connection 
between the notions of higher algebra and the theory of error-correcting codes used in data transmissions. The parity 
check matrix G and H or Hamming matrix, are often used for encoding and decoding code words received in most 
error-correcting codes (Hamming, Hadamard, Golay codes, convolution, cyclic redundancy etc.), being closely 
related to notions as null space, Hamming distance, error syndrome. The H matrix is essential for decoding.  
As future directions, we can achieve broader connections between H matrix and the types of errors encountered 
in data reception channels and the look-up table, the types of codes and routing tables of Field Programmable Gate 
Array (FPGA). This approach helps at reception date with minimum errors, by scheduling a particular type of 
FPGA, Asynchrony Transfer Mode (ATM) equipment, IEEE Wireless MAN (WiMax), Link Multi-access Data 
System (LMDS), or Cisco Systems routers type. 
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